Introduction
It is well known that complex projective surfaces can have highly nontrivial fundamental groups. It is also known that not all finitely presented groups can occur as fundamental groups of projective surfaces. The fundamental problem in the theory then, is to determine which groups can occur as the fundamental groups of the complex projective surfaces and to describe complex manifolds * Partially supported by DMS Grant-9500774 † Partially supported by A.P. Sloan Dissertational Fellowship which occur as nonramified coverings of the surface. The only interesting case is when the group is infinite since finite coverings of projective surfaces are projective and every finite group occurs as a fundamental group of some projective surface.
In this paper we mainly consider a surface with a representation as a family of projective curves over a curve. It does not put much restriction on the choice of a surface since any surface has such a representation after blowing up a finite number of points. We use a base change construction combined with a finite ramified covering to associate to a given surface a collection of surfaces with infinite fundamental groups. Most of these fundamental groups were not previously known to be fundamental groups of smooth projective surfaces. Every surface we construct comes equipped with a regular map to a curve of high genus. The kernel of the corresponding map of fundamental groups is obtained from the fundamental group of a generic fiber by imposing torsion relations on some elements and a very big class of infinite groups occur in this way. We also analyze the universal coverings of these surfaces in the context of the Shafarevich's conjecture which states that the universal covering of the smooth complex projective variety must be holomorphically convex.
Partial affirmative results [9] regarding Shafarevich's conjecture can be applied to the fundamental groups we obtain. It leads to nontrivial purely algebraic results on the structure of this groups. On the other hand the generality of our construction indicates that not all fundamental groups we construct will satisfy the algebraic restrictions imposed by Shafarevich's conjecture. It would appear then that the conjecture may be false in general. We describe a series of potential counterexamples in section 4.
We begin with a local version of the general construction. Namely we have a local fibration without multiple components and with only double singular points in the central fiber. As a first step we make a local base change which produces a new surface with singular points corresponding to the singular points of the central fiber. This move changes the image of the fundamental group of a generic fiber in the fundamental group of the Zariski open subset of nonsingular points. Namely the kernel of this map is generated by the N -th powers of the initial vanishing cycle where N is the degree of the local base change. As a second step we desingularize the surface by taking a finite fiberwise covering of the singular surface which is ramified at singular points only.
The global construction follows the same pattern, but as a result we obtain a surface with a highly nontrivial fundamental group coming from the fiber even if the surface at the beginning was simply connected. First we construct a singular projective surface with a big fundamental group of the compliment to the set of singular points. Smooth projective surface is obtained at the second step as a finite covering of the singular surface ramified at singular points only. We prove a general theorem (Theorem 2.4) which establishes a close similarity between the fundamental groups and universal coverings for two classes of surfaces: normal projective surfaces and the surfaces obtained from them by deleting a finite number of points. The above construction enlarges the image of the fundamental group of the fiber in the fundamental group of the whole surface. The resulting group can be described in purely algebraic terms. Let Γ be a fundamental group of a projective curve of genus g (generic fiber of the fibration). Consider a finite set of pairs of (s i ∈ Γ, N i ∈ N)
and a subgroup M of the automorphisms group of Γ. We assume that all s i are vanishing cycles.
These are special elements in the fundamental group of the curve which constitute a finite number of orbits under the action of the automorphism group M ap(g)( see section 2). The orbits M s
generate the normal subgroup Ξ(M, s i , N i ) of Γ.
Now we can give an algebraic version of the description of the corresponding group. In the geometric situation s i are the vanishing cycles of the initial fibration and M is its monodromy group. Geometric Burnside type groups constitute a proper subset among all Burnside type groups. In particular not every data s i , N i , M can be geometrically realized. The problem which data can appear in geometry is the most substantial problem of the above construction. It is clear that we can change M into its own subgroup of finite index but at the expense of changing the set of elements s i . The following lemma shows that we are free to vary N i . If the above conjecture is true then the base change construction provides us with many new examples of nonresidually finite fundamental groups. The first example of such group was constructed by Toledo ( [20] , see also [4] ).
In section four we discuss the holomorphic convexity of the universal coverings of the surfaces we have constructed. Recently many new powerful methods have been developed to investigate the structure of the fundamental groups and universal coverings of complex projective surfaces.
These methods lead to many new remarkable results. In particular quite a few positive results on Shafarevich's conjecture were proved e.g. the results of F. Campana, H. Grauert, R. Gurjar, J.
Kollár, B. Lasell, R. Narasimhan, T. Napier, M. Nori, M. Ramachandran, C. Simpson, S. Shasrty, K. Zuo, S.T. Yau (see [3] , [9] , [12] , [10] , [13] , [14] , [17] , [19] , [21] ).
In particular holomorphic convexity is established (see [9] ) for coverings of normal projective surface X corresponding to the homomorphisms of π 1 (X) to GL(n, C) (see also [11] ). We suggest possible applications of the construction related to the Shafarevich's conjecture. Holomorphic convexity of a variety implies the absence of infinite chains of compact curves. This can be expressed in our case as a restriction on the images on the fundamental groups of the components of a singular fiber ( see lemma 4.1). We speculate how one can try to control the behavior of the monodromy and vanishing cycles to construct a counterexample to the Shafarevich conjecture. The fact that the conjecture is true for coverings corresponding to linear groups implies some group theoretic consequences.
Next we notice that any Riemann surface B with at most two ends inside the surface of genus g defines a map of the free group F k = π 1 (B) into π g .
Definition 1.4
We will denote by P (k, N ) the quotient of F k by a normal subgroup generated in F g by all primitive elements in F g which map into primitive elements (embedded curves) in π g .
The following group theoretic questions are closely related to the Shafarevich conjecture:
Question Is there such k that P (2k, N ) is infinite but π k /(x N = 1) is finite?
Question Are there such a k > 1 and N that that P (k, N ) is a finite group and π k /(x N = 1)
is an infinite group?
If the answer to the last question is affirmative then one gets a counterexample to the Shafarevich conjecture (see section 4). Applying our construction with N = 3 (simplest nontrivial case) we
show that the Shafarevich conjecture implies strong restrictions on the possible monodromy groups of families of curves. We suggest a family of potential counterexamples to the conjecture which depend on a non-finiteness of some special groups obtained by imposing relations including big powers of 3.
In this section we briefly discuss the symplectic version of our construction. We also formulate an arithmetic variant of the Shafarevich conjecture which is presumably easier to prove though the conjecture is formally stronger then the direct analogue of the complex case.
An initial version of the proposed construction was obtained by the first author in 1994.
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Vanishing cycles -a local construction
In this subsection we explain the local computation with the vanishing cycles on which the whole construction is based. We begin with some classical results on degeneration of curves that can be found in [5] .
Let X D be a smooth complex surface fibered over a disc D. We assume that fibers over a punctured disc D * = D − 0 are smooth curves of genus g and the projection t : X → D is a complex Morse function. In particular the fiber X 0 over 0 ∈ D has only quadratic singular points and it has no multiple components. Denote by P the set of singular points of X 0 and by T : X t → X t the monodromy transformation acting on the fundamental group of the general fiber X t . This action can be described in terms of Dehn twists. Obviously this action defines an action on the first homology group of the general fiber. The following proposition describes completely the topology of X D and the projection t : X D → D.
Proposition 2.1 1) There is a natural topological contraction cr :
2) The restriction of cr to X t is an isomorphism outside singular points P i ∈ X 0 . It contracts the circle S i ∈ X t into P i . The monodromy transformation T is the identity outside small band B i
around S i and in B i the transformation T coincides with a standard Dehn twist.
Proof See [5] .
The above contraction is an isomorphism from X t minus preimage of P on X 0 −P . The preimage of any singular point P i is a smooth, homotopically nontrivial curve S i ⊂ X t . 2) (1 − T H ) 2 = 0.
Proof It is enough to prove (2) for De i,H . The topological description of De i implies that Therefore the same holds for De i,H . We also have De i,H s j = 0 for any vanishing cycle s j since the corresponding circles S i , S j don't intersect in X t . We now see that
where the last equality follows from the above formulas. Similarly we obtain 1) and 3).
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The geometric vanishing cycles consist of two different types:
1) The first type includes homologically nontrivial vanishing classes. They are all equivalent under the mapping class group M ap(g). The latter can be described either as group of connected components of the orientation preserving homeomorphisms of the Riemann surface of genus g or as the group of exterior automorphisms of the group π g . The vanishing cycle from this class is a primitive element of π g which means it can be included into a set of generators of π g satisfying standard relation defining the fundamental group of the curve. We shall denote the vanishing cycles of the first type type as N Z-cycles.
2) The second type consists of elements in π g which are homologous to zero. Any vanishing cycle of this type cuts the Riemann surface X t into two pieces and the number of handles in these pieces is the only invariant which distinguishes the type of a cycle under the action of M ap(g). We
shall denote the vanishing cycles of the second type by Z-cycles.
Vanishing Z-cycles correspond to the singular points of the singular fiber which divide this fiber into two components and N Z-cycles to the ones which do not. Each Z-cycle defines a primitive element in the center of the quotient Therefore by lemma 2.3 it acts trivially on H 1 (X t , Z N ), t = 0.
Lemma 2.2
The surface X U contracts to the central fiber X 0 .
Indeed the fiberwise contraction of X D to X 0 can be lifted into a contraction of X U . Proof The fundamental group of a complex coincides with the fundamental group of any twoskeleton of the complex. There is a natural two-dimensional complex with a fundamental group as in the theorem. Namely let us take a curve X t and attach two-dimensional disks D i via the boundary maps f i : dD i → S i of degree N . The resulting two dimensional complex X a t evidently has a fundamental group isomorphic to the group described in the theorem. We are going to show that X a t can be realized as a two skeleton of X U − P . We prove first the following statement: Proof Locally near P i the surface X U is described by the equation t N = z 1 z 2 . Hence a neighborhood U i of P i is a cone over the three-dimensional lens space L i N = S 3 /Z N . Here S 3 is a three dimensional sphere and Z N is generated by the matrix with eigenvalues χ, χ −1 , where χ is a primitive root of unity of order N . We can assume that the surface X t intersects L i N along a two-dimensional band B i with a central circle S i defining a generator of π 1 (L i N ). Though the band B i is a direct product of S i by the interval its imbedding into L i N is nontrivial : the boundary circles have nonzero linking number. We use a fiberwise contraction to contract X U − P to the union to X 3 . It coincides with a standard contraction outside of the cones over L i N . Therefore we obtain a contraction of X U − P onto X 3 .
2
The two-skeleton of X 3 can be obtained as a union of X t and a two-skeleton of L i N . The latter can be seen as a retract of a complimentary set to the point in L i N . Here is the topological picture we are looking at. Proof The sphere S 3 can be represented as a joint of two circles S i and S ′ . In other words it consists of intervals connecting different points of S i , S ′ . The action of Z N with L 3 N = S 3 /Z N rotates both circle. Define the disc D x to be a cone over Indeed we obtain the two skeleton of X 3 gluing X t and L 2 i along S i , but the resulting twocomplex coincides with X a t . Since X 3 is a retract of X U − P we obtain the corollary and finish the proof of the theorem.
Let us denote by G X the fundamental group of X U − P and by X its universal covering. The description of the group G X can be obtained in pure geometric terms. Namely the vanishing cycles S i don't intersect and therefore we can firs t contract Z-cycles to obtain the union of smooth Riemann surfaces X i with normal intersections. The graph corresponding to this system of surfaces is tree since every point corresponding to Z-cycle splits it into two components. Remaining N Zcycles lie on different surfaces X j and constitute a finite isotropic subset of primitive elements in π 1 (X j ). The vanishing cycle S i which contracts to the point of X j defines a map of a free group onto π 1 (X j ) with S i corresponding to standard relations in π 1 (X j ). We also have the following lemma. where the images of all s i ∈ X j are exactly of order 2. Denote this group by G j and the generator of its center by c j .
Now consider the product of G j for all j and factor it by a central subgroup generated by c k − c j if X k and X j intersect. Since the graph is a tree we obtain that the quotient of the center by the above group is equal to Z 2 which is identified with the zero homology with coefficients Z 2 . The image of Z-cycle s i coincide with c j if s i ∈ X j and hence is never zero. Vanishing N Z-cycles project into nonzero elements of the abelian quotient of the group. 2
Remark 2.4 In the case of N is odd or divisible by four we obtain a canonical quotient of G X
which is invariant under M ap(g). We denote this group by U C N g . In the case of N = 2 our construction is less canonical, it depends on the choice of isotropic subspace in
Here we start to develop an idea that will be constantly used through out the paper. Namely we show that we can work with open surfaces and get results concerning the universal coverings of the closed surfaces. The advantage is that we get bigger variety of fundamental groups.
Theorem 2.2
There is a natural G X -invariant imbedding of X into a smooth surface X U with
Proof Let P i is a point that corresponds to a N Z vanishing cycle. The preimage of a local neighborhood U i of P i in X consists of a number of nonramified coverings of U i − P i . Since
we obtain that nonramified covering we get is finite. Therefore by local pointwise completion we obtain X U with the action of G X extending on it. Now the universal nonramified covering of U i − P i is a punctured unit disk in C 2 . Therefore if the map π 1 (U i − P i ) → G X is injective then the surface X U is nonsingular. Since the group π 1 (U i − P i ) = Z N and is generated ed by the vanishing cycle s i we can easily get the result. Indeed the groups H 1 (G X , Z N ) and H 1 (X t , Z N ) are isomorphic. The general result follows from theorem 2.1 since we have constructed finite quotients for G X which map every s i into an element of order N .
2
We also have the following:
X be the kernel of projection of G X into one of the finite groups defined in lemma 1.13 . Then G 0 X acts freely on X U and the quotient is a family of compact curves without multiple fibers and with a fundamental group G 0 X .
Proof Indeed the surface X U was obtained from X by adding points and since X was simplyconnected the former is symplyconnected either. Any element of G X which has invariant point in X U is conjugated to the power of s i , but the latter are not contained in
We are done with our description of the local computations. By taking finite coverings and taking away the singularities of the covering we were able to make all local geometric vanishing cycles to be torsion elements.
2.2
The global construction
In this subsection we globalize the construction. We will show that we can do the construction described in the previous section globally in a compact surface.
Let now X be smooth surface with a proper map to a smooth projective curve C. We assume that the map f : X → C is described locally by a set of holomrphic Morse functions and hence satisfies locally the conditions of the previous section. Thus the generic fiber is a smooth curve X t , t ∈ C of genus g. As in the previous section we denote the fundamental group of X t by π g .
Abusing the notation now we denote by P the set of all singular points of the fibers and by P C the set of points in C corresponding to the singular fibers. Thus f (P ) = P C and all points in P are singular double points. The main difference of the global situation lies in the presence of the global monodromy group which is the image of π 1 (C − P C ) in the mapping class group M ap(g).
We denote this group by M X .
Let us select now an integer N and consider a base change h : R → C where R such that the map h is N -ramified at all the preimages of the points from P C in R. Consider a surface S obtained via a base change h : R → C. We have the finite map h ′ : S → X defined via h and the projection g : S → R with a generic fiber S t = X h(t) . The surface S is singular with the set of singular points equal to h −1 (P ) = Q and the set of singular fibers over the points of h −1 P C = P R . The monodromy group M S of the family S is subgroup of finite index of the group M X .
Remark 2.5 The fact that the monodromy group M S of the family S is subgroup of finite index
of the group M X gives us some flexibility of choosing the corresponding families. Proof Indeed we have a natural surjection of π g on the kernel of projection onto π 1 (R) since there are no multiple fibers in the projection g. A standard Van Kampen type of an argument reduces all relations to the local ones and the local relations where described in the previous section (see theorem 2.1).
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Now we move to the second step of our construction getting out of S − Q a smooth compact surface S N with almost the same fundamental group. In the next subsection we will develop some partial theory of this second step summarizing and generalizing some known results. Let us assume that N ≥ 2.
Lemma 2.7 There exists a smooth projective surface S N with a finite map f : S N → S such that the image of the homomorphism f * :
As it was already shown in lemma 2.5 there exists a projection of π 1 (X g ) to a finite group U C N g which is invariant under M ap(g) and in fact it factors through the fundamental group of a small neighborhood of a singular fiber in S − Q. Therefore, if the map h : S → R has a topological section we obtain a finite fiberwise covering of S which is ramified only over the singular set Q.
The resulting surface coincides locally with the smooth surface described in theorem 2. It is also smooth and the map f is finite. If there is not a topological section we first make a base change nonramified at P R in order to obtain such a section ( see theorem 5.2 Appendix A) and then apply the previous argument. Since the map f is finite the preimage f −1 (Q) consists of a finite number of smooth points and therefore π 1 (S N ) = π 1 (S N − f −1 (Q)) (see theorem 5.1 Appendix A). This also proves the fact that the image of the homomorphism f * :
of finite index in π 1 (S − Q). 
Comparison theorem
The construction discussed in the previous section can be applied to both projective and quasiprojective fibered surfaces. This indicates that the universal coverings and the fundamental groups for these two classes of surfaces have a similar structure. In this section we illustrate another flavor of the same principle by describing a procedure comparing the fundamental groups of surfaces with quotient singularities to the fundamental groups of certain smooth surfaces. For future reference we will set up this transition in a slightly bigger generality.
Let V be a normal projective complex surface and Q ⊂ V be the finite set of its singular points.
The fundamental group π 1 (V ) is the quotient of π 1 (V − Q) by the normal subgroup generated by the images of the local fundamental groups of the points q ∈ Q. Recall that the local fundamental group L q of a point q ∈ Q is defined as the fundamental group of a deleted neighborhood of q, i.e.
as the group π 1 (U q − {q}) where U q is a small analytic neighborhood of the point q ∈ V .
The topology of the neighborhood U q is completely determined by L q as it was shown by D.
Mumford [16] . The following theorem is a generalization of a theorem by J. Kollár (see [14] ). by the normal subgroup generated by the images of
Proof. Denote by K Q the normal subgroup of π 1 (V − Q) generated by the subgroups K q ⊂ L q .
We obtain the surface N as a generic hyperplane section of a singular projective variety W with the following property: W contains a subvariety S of codimension ≥ 3 with
We may assume that F does not intersect S since the latter has codimension at least 3 in W . The fundamental group π 1 (F ) = π 1 (W − S) since F is a generic complete intersection in W . We are going to construct W as a union of two quasiprojective subvarieties. Denote by G q the finite quotient L q /K q and by G the direct product of all the groups G q . Denote by g q the coordinate projection of G onto G q and by i q the coordinate embedding of G q into G. For any q there is a natural finite covering M q of U q corresponding to the projection L q → G q . The preimage of q in M q consists of a single point and the projection M q → U q is nonramified outside q. In the next lemma we prove the existence of an algebraic extension of this local covering.
Lemma 2.8
There exist an open affine subvariety V q ⊂ V containing q and an affine variety B q which is a G q -Galois covering of V q ramified only at q so that B q × Vq U q and M q are isomorphic.
Proof LetÂ q be the completed local ring of q ∈ V . A local G q -covering defines a finite algebraic extensionB q ofÂ q . By Artin's approximation theorem [1] there exists an affine ring A ⊂ C(V ) and a finite algebraic extension B of A which locally at q corresponds to the extensionB q overÂ q .
Explicitly the extensionB q is described by a monic polynomial f (x) with coefficients inÂ q . If we now consider any monic polynomial g(x) over the ring A with g(x) = f (x) mod m N q for a big enough N then the resulting algebraic extension B will be the one we need. The fiber W q over q coincides with P e−1 /i q (G q ).
The action of i(G q ) on P e−1 is effective because of our assumption on the representation of G → GL(E). We denote by S q the singular subset of W q . It lies in the image of the fixed sets Fix g (P e−1 ) ⊂ P e−1 for different elements g ∈ i q (G q ), g = 1. Define a subvariety S as the union of the varieties S q , q ∈ Q. The set S has codimension ≥ 3 in W since the codimension of S q in W q is at least 1.
Lemma 2.9
The variety W − S has a fundamental group isomorphic to
Proof The fundamental group of W − S is the quotient of the fundamental group of π 1 (V − Q) since W contains an open subvariety which is P e−1 fibration over V − Q and therefore has the same fundamental group. The group K q maps into zero under the surjective map
since the image of a neighborhood of q via the zero section i has K q as a local fundamental group.
All the relations are local and concentrated near special fibers. A formal neighborhood of W q − S q in W − S is topologically isomorphic to a fibration over W q − S q with M q as a fiber. Therefore all local relations follow from K q = 1. It finishes the proof that The universal coveringF of the smooth projective surface F is very similar to the ramified coveringṼ of V corresponding to the quotient group π 1 (V − Q)/K Q . Namely there is a natural finite map p : F → V which induces a finite map fromF toṼ . Hence bothF andṼ are simultaneously either holomorphically convex or not.
Fiber groups
The global construction described above treats separately the part of the fundamental group of the fibered surface which lies in the image of the fundamental group of the fiber. Let V be normal projective complex surface and Q be a set of its singular points. Suppose that there is a projection of V on a smooth curve C which has no multiple fibers and the generic fiber of the projection is a curve of genus g > 1.
Definition 2.2 Denote by π 1,f (V − Q) a subgroup of π 1 (V − Q) generated by the image of the fundamental group of the fiber π g . This group will be denoted a general fiber group.
In this article we mostly consider the case when the set of singular points in V includes only singularities with finite local fundamental groups. It is well known that these are exactly the quotient singularities.
Definition 2.3
We will call the group π 1,f (V − Q) above a fiber group if Q consists of the quotient singularities only.
We shall also give a special notation for the case when Q is empty.
Definition 2.4
We will call the group π 1,f (V ) projective fiber group if V is a projective fibered surface over C without multiple fibers.
Remark 2.7 Though we don't allow multiple fibers in the above definition we allow some multiple components in the singular fibers. We need that at least one component of each singular fiber has multiplicity one.
Thus we have defined three classes of groups. These groups are equipped with a surjective map from the group π g . The principal difference between these three classes of groups lies in the nontriviality of the local fundamental groups of normal surface singularity.
Remark 2.8 It follows that the general fiber group occurs also as a fiber group of a projective surface if the images of all local fundamental groups are finite. In particular this is true if all singular points have finite local fundamental groups.
As a consequences of theorem 2.4 we get:
Corollary 2.2 The classes of fundamental groups and fiber groups are the same for projective smooth surfaces and projective surfaces minus quotient singularities.
The above results suggest that finding examples of smooth projective surfaces with pathological behavior of fundamental groups and universal coverings can be reduced to a similar problem for normal projective surfaces minus singular points. The latter seems to be an easier task.
Nonresidually finite groups
In this section we analyze the groups that can be obtained as fiber groups. Recall that the fiber group depends on the genus g of the generic fiber , the monodromy group and the set of geometric vanishing cycles. Thus we can define an abstract algebraic data which gives us an abstract analogue of the fiber group. Let M be a subgroup of the mapping class group M ap(g) and g 1 , ..., g N be any
finite collection of elements in π g which are powers of vanishing cycles. Let M g i be the orbit of g i under the action of M .
Definition 3.1 An abstract fiber invariant is a set of the form (g, M, M g i ) for some M ⊂ M ap(g)
and some finite set of g i ∈ π g as above.
An abstract fiber invariant defines an abstract fiber group as the quotient of π g by a normal subgroup generated by M g i . We are interested in determining conditions under which this abstract fiber group is the actual fiber group of some geometric fibration which means a complex quasiprojective surface with a fibration over a curve.
Remark 3.1 The answer is rather simple in smooth or symplectic categories because all the elements of M ap(g) can be realized by the automorphisms of the Riemann surface of genus g which preserve a given volume form. However the question about geometric fiber invariants (smooth projective case) is substantially more delicate.
The following theorem shows that we still have a significant freedom to vary geometric fiber invariants. Proof We shall construct a new fibration with the desired properties by applying the base change construction to the fibration p : X → C. Let P be the set of points of C corresponding to the singular fibers of p and N (p) be a function on P with positive integer values such that N (s) = N i = N (P i ) if a singular point P i ∈ X s for some s ∈ P .
Let us take a base change h : R → C where R is a cyclic covering of C of degree N which is a minimal integer divisible by all N i and with ramification indices N i at P i and N at some c / ∈ P .
This covering satisfies the following properties:
1) any preimage of s ∈ P in R is N (s) ramified for s ∈ P 2) the map
Indeed the first property is obvious from the construction of h. The point c has exactly one preimage in R. Hence any closed loop in C − P containing c lifts into a closed loop in R − h −1 (P ) which proves surjectivity of the corresponding map of fundamental groups. in M ap(g) but the latter is equal to the image of π 1 (C − P ) in M ap(g) as it was proved above.
Hence the monodromy of the newly obtained family is M . All relations in the fiber group of Y − Q are generated by local relations . The latter correspond to the singular points of the fibers of p h .
If f (Q j ) = P i then the corresponding relation is described by s N i i as it was shown in section 2.1. It finishes the proof of the theorem.
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The above theorem suggests that we can construct a big class of Burnside type groups as fiber groups. We can consider the set of geometric vanishing cycles s i as a set of simple curves on one copy of the fiber. Now we suggest a construction that could lead to new examples of surfaces with nonresidually finite groups. We thank M. Nori for the fruitful discussions in this direction.
Let M L g be the compactified moduli space of curves of genus g with some level structure L. As theorem 3.1 shows we can choose a family X in the moduli space of curves with level structure with the following properties:
1) The fundamental group of the open curve C 0 ⊂ C in M L g , that is the base of X with singular fibers taken out, surjects onto the fundamental group of M L g . This can be easily done by taking generic hyperplane sections.
2) All singular fibers are irreducible and the singularities correspond to a nonhomologous to zero vanishing cycle (vanishing cycles of N Z type).
For a general enough family of curves we will have:
a) It intersects the divisor at infinity in a curve with a vanishing cycle that is a primitive element in the fundamental group of the fiber. b) There are no curves with automorphisms in the family.
Starting with such an X we apply our construction. We get a surface S N such that the fundame-
Here F , a smooth curve of genus g, is the generic fiber in S N and we denote by (V AN ) the normal closure of all geometric vanishing cycles in π 1 (F ).
As we have shown in theorem 3.1 we can realize the fiber invariant g, M, M (s N i ) with M a subgroup of finite index in M ap(g) and M s i the orbit of all primitive elements in π 1 (F ). Therefore we have that π 1 (F )/(V AN ) = π g /(x N = 1). In situation above Zelmanov's conjecture (see the introduction of this paper) implies that the group π 1 (F )/(V AN ) = π g /(x N = 1) is nonresidually finite. This gives a series of potential new examples of surfaces with nonresidually finite fundamental groups -
Some remarks on Shafarevich's conjecture for fibered surfaces
The case of projective surfaces
In this section we consider potential counterexamples to the Shafarevich's conjecture based on our construction. We also show that on the other hand a positive solution to the Shafarevich's conjecture has strong implications to the group theory.
We begin with the general setting. Let f : X → R be a Morse type fibration with X t as generic fiber. Suppose that the fiber X 0 is singular and has more than one component X 0 = ∪C i . We also assume that all components C i are smooth and without selfintersection. Denote the intersection graph of X 0 by Γ 0 . Consider the retraction cr : X t → X 0 of generic fiber on special fiber( see section 1).
The preimage cr −1 (C i ) in X t is an open Riemann surface with a boundary consisting of geometric vanishing cycles corresponding to the intersection points of C i with other components of X 0 . The fundamental group π 1 (cr −1 (C i ) is free. The natural imbedding cr −1 (C i ) into generic fiber X g defines an imbedding of the fundamental groups π 1 (cr −1 (C i )) = F i → π g . Similar construction holds for any proper subgraph of curves in X 0 .
Definition 4.1 For any proper subgraph
group of the preimage cr −1 (∪C i ), i ∈ K.
Remark 4.1 If the graph K is connected then its preimage in X t has only one component and vise versa.
Let π 1,f be a fiber group obtained from π g by our base change construction for some N .
Lemma 4.1 Suppose that there is a decomposition of a connected subgraph K ⊂ Γ 0 into a union Proof Indeed under the conditions of the lemma we obtain an infinite connected graph of compact curves in the universal covering of the surface S N .
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Now we choose N = 3. In this case we can apply the above lemma due to the the following group theoretic result. Let X 0 be a graph of smooth curves C i with each curve intersecting at most two others ( chain or ring). Suppose that there exists a family of curves X → R satisfying the following properties:
1. The monodromy group and the set of vanishing cycles are big enough to make the image of Suppose also that we have a set of N Z-vanishing cycles s i which are equivalent to the primitive elements of π 1 (cr −1 )(C i )). Then the first condition is satisfied.
As we said the action of the group M D commutes with cr. Therefore if we can arrange that M = M D and s i are the only vanishing cycles outside X 0 then second condition will be also satisfied.
Indeed π g /M s 3 j in this case would surject onto free product of Burnside 3-groups. We construct our potential counterexamples using the family of curves X of genus g > 1 over the interval I = [0, 1] with the property that X 0 is curve of geometric genus g − 1 with one normal self intersection and X 1 has a geometric genus g − 2 with two selfintersections.
The corresponding vanishing cycles for the projection of generic fiber are N Z cycles s 0 for X 0 and s 0 , s 1 for X 1 . This is the core of our construction. Consider a Z l -cyclic covering of the above family ( l > 1) which transforms the curve X 0 into l-ring of smooth curves of genus g − 1 and X 1 into a ring of singular curves of geometric genus g − 2. Denote by Y the resulting family of curves over an interval with the action of Z l . Consider now the family of curves V which has the following properties:
1) It has a fiberwise Z l action and coincides with Y with the Z l action defined above. ( A simple transversality argument shows that we can always do that over an Z l of the corresponding moduli space of curves of genus g.)
2) It is a Morse type family.
We shall also add an assumption on the monodromy group. It is clear that the monodromy group of V maps into the monodromy group M of the quotient family which stabilizes the kernel of the corresponding Z l -character above. We assume that M is big enough to ensure that the image in π 1 (V ) of the fundamental group of X 0 without singular points π 1 (X 0 − sing)/M s 3 1 is a finite group (Burnside group). On the other hand we assume that M s 0 coincides with s 0 modulo a subgroup R ⊂ π 1 (X t ). Such a family can be easily constrcucted for example for any subgroup R of finite index in M ap(g). Indeed we just need to take a Z l covering of the corresponding moduli space of curves of genus g.
Let us take some number I and apply the construction described in section 2. As it follows from lemma 1.1 we obtain a new family V I with N 0 = N 1 = 3 and N p = 3 I for any singular fiber over a point p = 0, 1. The image of the fundamental group of the general fiber of V I in π 1 (V I ) will be
Question Is it true that for big enough I and a small enough R the corresponding group π 1,f is infinite?
If the answer of the above question is positive then the Shafarevich conjecture is not true for the family constructed above since the subgroup of π 1,f corresponding to any component of the preimage of V 0 gives a finite Burnside group B (2g − 1, 3) . There is also another possibility to satisfy condition 2 . We can easily construct a family of curves of genus g = 2k, k > 1 such that there is a fiber in this family which consists of two components each of genus k that give us a tree of components. Applying the base change construction for a
given N we obtain a surface S − Q with the image of the fundamental group of every component in π 1 (S − Q) being equal to P (2k, N ). The fiber group of S − Q is equal to π 2k /(x N = 1). Now as we have shown we have the same behavior on S N for the closed curves and surfaces. We can formulate the following question: 
Other applications
In this subsection we discuss symplectic and arithmetic versions of our construction. As Gompf has
shown [7] , every finitely presented group can be realized as a fundamental group of a symplectic manifold. It is reasonable to ask the if being symplectic puts any restrictions on the structure of universal coverings. Our construction easily extends to the symplectic category. It leads to interesting examples of symplectic four dimensional manifolds ( see [2] ). Using this construction we have defined in [2] an obstruction to a symplectic Lefschetz pencil being a Kähler Lefschetz pencil.
We begin with a symplectic fourfold X. Consider the corresponding Lefschetz pencil with reducible fiber and apply to it the our construction. So we get for a fix integer N a symplectic fourfold S N . Let ρ be a representation ρ : If the restrictions of ρ on Γ and Γ i for all i are both finite or infinite we will say that the obstruction O(X) N,n is equal to zero and to one otherwise. It is a Galois extension with a profinite Galois group Gal nr (K(C). The field K(C) nr contains the maximal nonramified extension K nr of the field K as a subfield. (Observe that the field Q nr = Q but for many other fields K the field K nr is an infinite extension.) The group Gal nr (K(C) maps surjectively onto Gal nr (K). Denote the kernel of the corresponding projection as Gal nr g K(C).
Any maximal ideal ρ in the ring of integers O K nr contains the unique maximal ideal ν of O K .
We can now define the subring A ρ as an integral algebraic closure of the subring O ν in K nr (C).
Let Res ρ = A ρ /I(ρ) be the quotient ring by the ideal generated by ρ in A ρ . It is a semisimple ring of finite characteristics. We formulate a strong arithmetic analogue of the Shafarevich's conjecture. We can also formulate this conjecture in a more geometric language. Namely if C ′ is a semistable curve over F then for any finite nonramified extension L of F (C ′ ) we have a model C L with a finite map onto C ′ . The fibers of this new model C L are uniquely defined by C ′ . The above result states that the group Gal nr g K(C) has a finite abelian quotient and hence the conjecture 4.2 is evidently true for the quotient of the Gal nr K(C) by the commutant of Gal nr g K(C). 
Conjecture 4.2 There is a number J(F (C ′ )) such that the number of components of any fiber of
C L is bounded by J(F (C ′ )) for any finite extension L of F (C ′ ) containing in F (C ′ ) nr .
Appendix A -Fiber groups and monodromy
This appendix includes several technical results from the theory of surfaces which we use in our article. First theorem generalizes the result we used in order to pass from quasiprojective surface to the projective smooth surface in section 2. 
which is a surjection on a subgroup of finite index bounded from above by the degree of f .
Proof Indeed Q is a set of isolated singular points. Following the proof of the lemma 2.5 we obtain a map f * :
. In order to prove the theorem it is sufficient to show that the kernel of natural surjection i * :
The preimage f −1 (Q) also consists of a finite number of points and the kernel of i * is generated as a normal subgroup in π 1 (V ′ − f −1 (Q) by the local subgroups π 1 (U q − q), q ∈ f −1 (Q). Due to the condition of the theorem the images of these groups are trivial in π 1 (V − Q) and hence we obtain the map f * . 2
We shall also need the following general result which allows to compare the properties of fiber groups and fundamental groups of the smooth quasiprojective surfaces. Proof The group K is a normal subgroup of π 1 (X) since it is invariant under the conjugations from both π 1 (R) and π 1,f (X). Denote by Q the quotient π 1 (X)/K. It is an extension of π 1 (R) by
Hence there is an action of π 1 (R) over G. Since G is a finite group π 1 (R) contains a subgroup of finite index which acts trivially on G via interior endomorphisms. This subgroup corresponds to a finite nonramified covering φ : C → R and will be denoted by π 1 (C). Its preimage Q ′ in Q is a subgroup of finite index. Consider a subgroup K G of Q ′ consisting of the elements commuting with all the elements of G. The group K G projects onto π 1 (C) by the definition of π 1 (C) and therefore its intersection with G is a cyclic subgroup of the center of G. The group π 1 (C) contains a subgroup of finite index K ′ where the corresponding central extension splits. Namely if the order of the corresponding cyclic extension is n then it splits over any cyclic covering of order n. The preimage of K ′ in Q ′ splits into a direct product of G and K ′ . Hence on the preimage of a subgroup
we have a natural extension of the projection from π 1,f (X) → G. 2
Appendix B -Some group theoretic results
This appendix contains a description of the group theoretic results. We only sketch the proofs since most of them are known to the experts in the group theory.
Recall that we denote by P (n, m) the quotient of a free group F n by a normal subgroup subgroup generated by the elements x m = 1 where x run through all primitive elements of F n .
Proposition 6.1 If m is divisible by 4 and n ≥ 2 then P (n, m) is infinite.
Proof Indeed the group P (2, 4) has an infinite representation. Namely let Q 8 be the group of the unit quaternions of order 8. It acts on H = R 4 by multipications. Consider a group of the affine transfomations of R 4 generated by two generating rotations g 1 , g 2 in Q 8 but with different invariant points. The resulting group G will be infinite. It has two generators and G has Q 8 as its quotient group. Any element of g ∈ G which projects nontrivially into G has order 4. Indeed g is an affine transformation of R 4 with a linear part of order 4 and without 1 as eigenvalue. Hence g is conjugated to its liner part and has order 4. Consider a natural surjection of the free group p : F 2 → G. Let x be a primitive element of F 2 . The image of x is nontrivial in the quotient Q 8 and therefore p(x 4 ) = 1. Thus the surjection p of F 2 factors through P (2, 4) and the latter is infinite. The case P (n, 3) is different. The following result gives a hint on the effects which occur with the exponent 3.
Lemma 6.1 Let G be a group generated by a, b with relations
Then in case 2) G is the Burnside group B(2, 3) and finite.
In case 1) G has an inifinite linear representation.
Proof In the first case G can be realized as an extension of Z 3 by the fundamental group of a curve, which is cyclic cover of order three of P 1 ramified at three points. Since the above curve is a torus the group in 1) is an extension of Z 3 by a free abelian group Z + Z. The description of 2)
immediately follows since it is the quotient group of the group in 1).
The Burnside group B(n, 3) has a simple description. Namely its commutant is an abelian Proof Indeed this is true for n = 2 ( see e.g. [15] ). Assume we know it for P (n − 1, 3) and consider the case of P (n, 3). We obtain this group by adding a generator x. Since any product xr, r ∈ F n is primitive in F n we obtain that (x, r) generate a subgroup isomorphic to B(2, 3). In particular rxr −1 commutes with x for any r ∈ B(n − 1, 3). The set of elements rxr −1 , generate the kernel K n of the projection of P (n, 3) onto B(n − 1, 3). Therefore the corresponding group is abelian of exponent 3 and hence P (n, 3) is a finite 3-group. It is easy to see that all the elements are actually of order three which finishes the proof. 2
This lemma makes the group theoretic questions from the intriduction plausible.
Lemma 6.2
The group π 2 /x 3 = 1 is finite.
Proof The most evident proof is geometric Indeed if we cut the curve by the middle circle we get splitting of the generators a, b, c, d to pairs a, b and c, d and both these pairs generate subgroups B(2, 3). In particular aba −1 b − 1 is contained in the center C of the group.
It is easy to see that π 2 /x 3 = 1 is an extension of its center by the quotient (π 2 /x 3 = 1)/C.
The last one is also an abelian group and this proves the lemma. 2
Now we will discuss an analog of lemma 6.1 for the fundamental group of Riemann surfaces of arbitrary genus. Let us denote by I(m) the group generated by m involutions p 1 , , , p m . They correspond to points on P 1 . This group contains the group F m−1 as a subgroup of index two.
The latter is realized as a subgroup of the fundamental of curve obtained as double covering of P 1 ramified at the points p i . If we have odd number of the points p i we had to add one extra point.
If the number of points p i is odd we realize the corresponding free group as the fundamental group of a compact curve minus a point. If the number of points is even we get a realization of Sketch of a proof ( of Proposition 6.4 ) Again geometry provides us with the simplest approach.
The group generated by five involutions has a subgroup of index two which is a fundamental group of curve of genus two minus one point. Therefore our group is an extension of the group G described in lemma 6.1 by adding one element x corresponding to the deleted point p. Any element in G which does not lie in the center is primitive. Therefore we have relations of the type (gx) 3 = 1 or (gx 2 ) 3 = 1 for any primitive section over g ∈ G. The power of x involved depends on the local orientation of the cycle at a given point. The latter can be defined as follows. Let x 0 be a point and 
